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Abstract 

Let H(Qo) = —A + V be a Schrodinger operator on a bounded 
domain Qq C M. d with Dirichlet boundary conditions. Suppose that 
the Q,£ {I 6 {1, . . . , k}) are some pairwise disjoint subsets of fio and 
that -ff(f^) are the corresponding Schrodinger operators again with 
Dirichlet boundary conditions. We investigate the relations between 
the spectrum of H(Qq) and the spectra of the H(Qg). In particular, 
we derive some inequalities for the associated spectral counting func- 
tions which can be interpreted as generalizations of Courant 's nodal 
Theorem. For the case that equality is achieved we prove converse 
results. In particular, we use potential theoretic methods to relate the 
£lt to the nodal domains of some eigenfunction of H(Q,q). 



1 Introduction 

Consider a Schrodinger operator 

H = -A + V (1.1) 

on a bounded domain Q C M. d with Dirichlet boundary conditions. Further 
we assume that V is real valued and satisfies V G L°°(Q ). (We could 
relax this condition and extend our results to the case V G L^(Qq) for some 
g > d/2 11) 
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H is selfadjoint if viewed as the Friedrichs extension of the quadratic forms 
of H with form domain W ' (Qq) and form core C£°(fio) and we denote it by 
H(Qq). Further H(Qq) has compact resolvent. So the spectrum of H(Qq), 
cr(iy(Oo)), can be described by an increasing sequence of eigenvalues 

Ai < A 2 < A 3 < ••• < ... (1.2) 

tending to +00, such that the associated eigenfunctions Uk form an orthonor- 
mal basis of L 2 (Qq). Ai is simple and the corresponding eigenfunction u\ can 
be chosen to satisfy, see e.g. [T7j . 

Mi > for all x e Q . (1.3) 

We can assume that the eigenfunctions Uk are real valued and by ellip- 
tic regularity, [9] (Corollary 8.36), belongs to C 1,a (Qo) f° r every a < 1. 
We shall often call for a bounded domain D, H(D), the corresponding self- 
adjoined operator with Dirichlet boundary conditions on dD. Its lowest 
eigenvalue will be denoted by A(-D). 

We denote the zeroset of an eigenvector u by 

N(u) = {x e n \ u(x) = 0}. (1.4) 

The nodal domains of it, which are by definition the connected components 
of Q \ AT (it), will be denoted by Dj,j — 1, . . . , u(u), where w(u) denotes the 
number of nodal domains of u. 

Suppose that the fig (£ = 1,2, k) are k open pairwise disjoint subsets 
of Qq. In this paper we shall investigate relations between the spectrum of 
H(Q ) and the spectra of the if(f^). Roughly speaking, we shall derive an 
inequality between the counting function of H(Q ) and those of the H(Qg). 
This inequality can be interpreted as a generalization of Courant's classical 
nodal domain theorem. For the case that equality is achieved this will lead 
to a partial characterization of the fig which will turn out to be related to 
the nodal domains of one of the eigenfunction of H(Q ). 

These results will be given in sections |2] and 01 From these results some 
natural questions of potential theoretic nature arise which will be analyzed 
and answered in section 

The proofs of the results stated in sections |2 and H3 are given in sections 
IU and El In section |H1 some illustrative explicit examples are given. 
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2 Main results 



We start with a result which will turn out to be a generalization of Courant's 
nodal Theorem. We consider again (jl.lj) on a bounded domain Qq and the 
corresponding eigenfunctions and eigenvalues. We first introduce 

n(A,fi )=#O'|A i (n )<A}, (2.1) 

where Xj(fl ) is the j-th eigenvalue of H(Q ). 
We also define 

n(A,fio) = #0"l A i (O )<A}. (2.2) 

and 

\n(A,O ) + l if A G cr(H(£l )). V ' 

So we always have : 

n{X,Q ) <n{X,Q ) <n(X,Q ) ■ (2.4) 

with equality when A is not an eigenvalue. Note that n(A, flo) — n(A, Q ) is the 
multiplicity of A when A is an eigenvalue of H(Q ), i.e. the dimension of the 
eigenspace associated to A. We shall consider a family of k open sets Qi (£ = 
1, . . . , k) contained in Qq and the corresponding Dirichlet realizations H(Qe). 
For each H(Qe) the corresponding eigenvalues counted with multiplicity are 
denoted by (Af.)fc e N\{o} (with X e k < A£ +1 ). When counting the eigenvalues less 
than some given A , we shall for simplicity write 

n £ = m(X) = n(X,Qi) (2.5) 

and analogously for the quantities with over-, respectively, underbars. 

Theorem 2.1 

Suppose Qq is connected and that X G a(i/(fio))- Suppose that the sets 
Qt (£ = 1, . . . , k) are pairwise disjoint open subsets of Q . Then 



Ene < n + mm (n£ — nA (2.6) 
£>0 v ' 

A direct weaker consequence of ()2.6|) is the more standard 
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Corollary 2.2 

Under the assumptions of Theorem \2.1\ we have 

k 

J2^e<n . (2.7) 

e=i 

This corollary is actually present in the proofs of the asymptotics of the 
counting function (see for example the Dirichlet- Neumann bracketing in Lieb- 
Simon |14j). 

Remark 2.3 

Inequality ()2.6|) is also true if A ^ o~(H(Q )). The statement becomes more 
simply 

k 

y^ y ni < n . 

i=i 

and is proved essentially in the same way. 
Remark 2.4 

The assumption that VLq is connected is necessary. Indeed, suppose VL\ 
and VL 2 are connected and assume that Qq = Q± U Q 2 with Qi (1 Q 2 = 
and that A = Ai(Qi) = Xi(Q 2 ). Then Ai(fi ) — X 2 (Q ) an d we deduce 
n(X, Qq) = 1. In general we just have, if we no longer assume the connected- 
ness of f2o, Corollary 12.21 

Finally we show that Courant's nodal Theorem is an easy corollary 
of Theorem 12.11 

Corollary 2.5 : Courant's nodal Theorem 

// Qo is connected and if u is an eigenvector of H(Q ) associated to some 
eigenvalue X, then 

n{u) < n(X, Q ) . 

Proof. 

We now simply apply Theorem 12.11 by taking . . . , fl^u) as the nodal do- 
mains associated to u. We just have to use ()1.3|) for each fl e , £ = 1, . . . , fi(u), 
which gives He = = 1. □ 

Remark 2.6 

Courant's nodal Theorem is one of the basic results in spectral theory of 
Schrodinger type operators. It is the natural generalization of Sturm's os- 
cillation theorem for second order ODE's. For recent investigations see for 
instance pQ and jlj. 
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3 Converse results. 



In this section we consider some results converse to Theorem 12.11 
Theorem 3.1 

Suppose that the Qe, £ > 1, are pairwise disjoint open subsets of Qq. If 
X G a(H(Q )) and 

k 

y^,ni > n , (3.1) 

then, for each Qi, X G a(H(Qe)). If L^(A) denotes the eigenspace of H(fli) 
associated to the eigenvalue X, then there is an eigenfunction u of H(Q ) with 
eigenvalue X such that 

k 

u = ^>* mW^ 2 ({l ) , (3.2) 
i=i 

where each ipi belongs to U^{X) \ {0} and is identified with its extension by 
outside fig. 

Remark 3.2 

One can naturally think that formula (J3.2|) has immediate consequences on 
the family Qg, which should have for example some covering property. The 
question is a bit more subtle because we do not want to assume a priori strong 
regularity properties for the boundary of the fl?. We shall discuss this point 
in detail in the last section. 



Another consequence of equalities in Theorems 12. II or 13. II is given by the 
following results. 

Theorem 3.3 

Suppose that, for some open subset Qq in ~R d , some X G o-(H(Qq)) and some 
family of pairwise disjoint open sets Qe C Qo, < £ < k, we have 

k 

Erie = n + min (n£ — nA . (3.3) 

i=i 

Then, for any subset L C {1,2, ... ,k}, such that Q* L = Int ( U^ e x Qi) \ dQ 
is connected, we have 

ne = n(X, Q* L ) + min I min (ne — nej , n(X, Q* L ) — n(X, Q* L ) J . (3.4) 
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A simpler variant is the following : 
Theorem 3.4 

Suppose (13. lj) holds and that Q* L is defined as above. Then we have the 
inequality : 



On the sharpness of Courant's nodal Theorem 

It is well known that Courant's nodal Theorem is sharp only for finitely many 

jfc's HSj. 

Let flo be connected. We will say that an eigenvector u attached to an 
eigenvalue A of H(Qq) is Courant-sharp if fi(u) = n(X,Qo). Theorem 13.31 
implies now : 

Corollary 3.5 

i) Let u be a Courant-sharp eigenvector of H(Q ) with n(u) = k. Let 
= {Di}i£{i t ,,, t k} be the family of the nodal domains associated to u. Let 
L be a subset of{l, • ■ ■ , k} with #L = £ and letVi be the subfamily {Di} ie L. 
Let tt L = Int (U ieL Di) \ dQ . Then 



where are the eigenvalues of H(Ql). 

ii) Moreover, when VL^ is connected, and if £ < k, u\ Q is Courant-sharp 
and Xi^L) is simple. 

4 Basic tools 

Let us first recall some basic tools (see e.g. [17] ) which were already vital for 
the proof of Courant's classical result. 

4.1 Variational characterization 

Let us first recall the variational characterization of eigenvalues. 
Proposition 4.1 

Let Q be a bounded open set in M d and V real in L°°(Q). Suppose X E 




(3.5) 



A^(^l) — Xk 



(3.6) 
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a(H(Q)) and let U± = span (u\, . . . , u k± ) where 

k_ — n(A, fi) and k + = n(\,Q) . (4.1) 

Then 
and 

x ^ x • f fa ESM (a * 

A < Xn(\, Q)+l = mf n H2 • ( 4 - 3 ) 

// in (|4.2|) equality is achieved for some $ ^ 0, i/ien $ is an eigenfunction 
in the eigenspace of X. 

Note that actually ()4.2|) and (jPj) are the same statement. We just state 
them separately for further reference. Note that we have not assumed that 
Q is connected. 



4.2 Unique continuation 

Next we restate a weak form of the unique continuation property: 
Theorem 4.2 

Let fl be an open set in M. d and V real in Lf^ c (Q). Then any distributional 
solution solution in Q to (—A + V)u = Xu which vanishes on an open subset 
uj of Q is identically zero in the connected component of Q containing lo . 

There are stronger results of this type under weaker assumptions on the 
potential, see [TT] . 



4.3 A consequence of Harnack's Inequality 

The standard Harnack Inequality (see e.g. Theorem 8.20 in jH]), together 
with the unique continuation theorem leads to the 

Theorem 4.3 

// u is an eigenvector of H(Q), then for any x in N(u) fl fl and any ball 
B(x, r) (r > 0), there exists y± G B(x, r) fl Q such that ±u(y±) > 0. 
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5 Proof of the main theorems. 



5.1 Proof of Theorem 12.11 

Assume first for contradiction that 

y^rli > n + min (ni — ni) (5.1) 

e>i 

and recall that we assume A G a(H(flo)). Pick some £q such that 

Suppose first £ > 1. 

We can rewrite (jQJ) to obtain 

^ n e + n io > n . (5.2) 

Let 2 = 1,... , n(A, f^ ) denote the first eigenf unctions of H(Q eo ). 
The corresponding eigenvalues are strictly smaller than A. These functions 
and the remaining ^2^ ne eigenf unctions associated to the other H(fli) 
span a space of dimension at least uq. We can pick a linear combination 
$ ^ of these functions which is orthogonal to the n eigenf unctions of 
H(Q ). By assumption 

— ii$p — ^ A ' ( 5 - 3 ) 

hence $ must by the variational principle be an eigenfunction and there must 
be equality in ()5.3|) . 

There are two possibilities: either some , % < ri£ contributes to the 
linear combination which makes up $ or not. In the first case this means 
that the left hand side of ()5.3|) is strictly smaller than A, contradicting the 
variational characterization of A. In the other case we obtain a contradiction 
to unique continuation, since then $ = in Qe and hence vanishes identically 
in all of Qq. 

Consider now the case when £q = 0. 

We have to show that the assumption 

^n l >n Q (5.4) 

t 
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leads to a contradiction. To this end it suffices to apply (|4.3jl . Indeed, we can 
find a linear combination $ of the eigenfunctions <^j, j < Tie, corresponding 
to the different H{VLp) such that ^ $_LW + , but satisfies 

($, H(Qo) $) _ 

- ^ A — Ayr,, , 



||$|| 2 

and this contradicts (|4.3j) . This proves (|2.fi|) . 
5.2 Proof of Theorem EP 

The inequality ()3.1|) implies that we can find a non zero ullA- in the span 
of the eigenfunctions cpj, j = 1, . . . n^, of the different H(Qi). Again by the 
variational characterization, (|4.2jl and ()5.3|) hold and hence u must be an 
eigenfunction. □ 



5.3 Proof of Theorem 1331 

We assume (|3.3jl . Without loss we might assume that we have labeled the 
fi^ such that L = {1, • • • , K}, with K < k. Let = n(A, fi£). We apply 
Theorem 12. II to the family Qe (i G L) and replace fio by Q* L and obtain : 

Erie < n* + min (n* — n*. min (n/ — nA) . (5.5) 
v 1<£<K ' 

\<1<K 

We assume for contradiction that 

Erie < + min (n* — n*. min (n* — n^)) . (5.6) 
v i<e<K ' 

i<e<K 

This implies 

2J ni <n* , (5.7) 

1 

and 

En^ < + min (n* — nA . (5.8) 

1<£<X 

Theorem 12.11 applied to the family fl* L , fie (£ > K), implies that 

+ > fit < nn + min (nn — no, min (n> — nA) , (5.9) 

v K<e<k ' 

K<l<k 
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and 

n* + Hi < n . (5.10) 

K<£<k 

By adding (l5~7f) and ipTHjl . we get : 

< n + min (n — n , min (nt — n^)) . (5-H) 

l<i<k K<£<k 

By adding ()5.8|) and ()5.10|h we obtain 

Erie < nn + min (n* — nt) . (5.12) 
Kt<K 

i<e<k 

The combination of (|5. llj) and (J5.12J1 is in contradiction with (|3.3j) . 
5.4 Proof of Theorem 18.41 

For the case that (|3.1J1 holds ()3.5|) can be shown similarly. (|3.1j) reads 

^2 ™< - n ° ■ 

i<^<fc 

We assume for contradiction that 

2J n £ < n* , (5.13) 

1 

where n* is defined as above. The addition of ()5.10|) and (|5.13jl leads to a 
contradiction. □ 



6 Illustrative examples 
6.1 Examples for a rectangle 

We illustrate Theorem 12. II bv the analysis of various examples in rectangles. 
Pick a rectangle Qq = (0, 2tt) x (0, n) and take Qi = (0,7r) x (0,7r) and 
consequently fl 2 = (ft, 2?r) x (0, 7r). The eigenvalues corresponding to f2 for 
—A with Dirichlet boundary conditions are given by 



a(H{Qo)) = I A e 



A = m 2 /4 + n 2 , (m, n) G Z 2 , m, n > \ , (6.1 
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while those for f2 x and hence for Q 2 which can be obtained by a translation 
of Q 1 . are given by 



a(H(n 1 ))=a(H(n 2 )) 



AgM X = m 2 + n 2 , (m,n) <E Z 2 , m,n > 0}. 

(6.2) 

Denote the eigenvalues associated to fl by {Aj} and those to f2 x by {^}. We 
easily check that A 5 = A 6 = u 2 = 1^3 = 5, An = A 12 = ^5 = vq = 10 so that 
for these cases Theorem 12. II is sharp. 

One could ask whether there are arbitrarily high eigenvalues cases for 
which we have equality in ([2.6)1 . This is not the case, as can be seen from the 
following standard number theoretical considerations. We have (see JH] and 
for more recent contributions ^Hj and [2j) the following asymptotic estimate 
for the number of lattice points in an ellipse. Let a, b > 0, then 



A(\) := #{ (m,n) e I? 



am 2 + bn 2 < A 



has the following asymptotics as A tends to infinity: 



(6.3) 



A(X) 



71 



A + C(A 1/3 ). 



We have not to consider A(X) but rather 



A + = #j(m,n) C Z 2 ,m,n > 



am + bn < X 



Hence we get 



A(X) = 4A + (X) + 2#|m 6N,m>0 m < [(A/a) 1/2 j 



+2#<^ n E N, n > 



n 



< [(A/6) 1/2 ] + 1 . 



(6.4) 



(6.5) 



(6.6) 



If we apply this to A + with a = 1/4, b = 1 (in this case denoted by Aq) and 
to A + with a = 1, b = 1 (in this case denoted by Af), we get asymptotically 



Note that 



A+(X) - 2A+(X) = UfX + o (VX) . 



n l (X)=At(X), 2 = 0,1. 



(6.7) 
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In order to control rij(A), we observe that, for any e > 



rii(X - e) < rii(X) < Tii(X) . 

This implies 

fii(X) — rii(X) — O(X^) . (6.8) 
The asymptotic formula ()6.4j) implies 

Hi (A) - rii(X) = o(v / A) , (6.9) 
and this shows that for large A (12. 6 j) is never sharp. 

6.2 About Corollary ECT 

One can ask whether there is a converse to Corollary 13.51 in the following 
sense. Suppose we have an eigenfunction u with k nodal domains and eigen- 
value A. For each pair of neighboring nodal domains of u, say, Di and Dj, 
let Qij = Int (DiUDj) and suppose that A = A 2 (£\./). Does this imply 
that A = Afc? The answer to the question is negative, as the following easy 
example shows : 

Consider the rectangle Q = (0, a) x (0, 1) C M 2 and consider Hq(Q). We can 
work out the eigenvalues explicitly as 

2 

{tt 2 (— +n 2 )}, form,neN\0, (6.10) 
a 2 

with corresponding eigenvectors (x,y) i— > sin(7rm^)(sin7rm/). If 

a 2 e (I I) , (6.11) 

then 

A 3 (Q) = vr 2 (4 + 4) < A 4 (Q) = tt 2 4 + 1) , 

and the zeroset of is given by {(x, y) e Q \ x = a/3, x = 2a/3}. For 
Ui we have Qi^ = Q H {0 < x < 2a/3}. If 2a/3 > 1 (which is the case 
under assumption (jfi.lljl ). then A 2 (fi 12 ) = A 4 (Q). We have consequently an 
example with k = 3. 
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7 Converse theorems in the case of regular 
open sets 



7.1 Preliminary discussion about regularity 

Before we present what we think would be the right notion of regular open 
set adapted to our problem, let us discuss briefly other possible notions. 
As a consequence of Theorem 13.11 and using (jl.3|) . we get that each nodal 
domain of ipe is included in a nodal domain Dj of u. Using a result of 
Gesztesy and Zhao (jH], Theorem 1), this implies also that the capacity (see 
next subsection) of Dj \ D M (hence the measure) is 0. 
At the "regular" points of the boundary of Qi one can get additional infor- 
mation. 

Let us say that, if fl is an open set and if dQ — Q \ Q, that a point of dfl is 
C 1,Q -regular if there exists a neighborhood V(x) of dfl such that dfl fl V(x) 
is a C 1,a - hypersurface. We denote by dfl clre9 the subset of the regular points. 

Then we get, from (j3.2j) . using the property of the restriction map from 
W 1,2 (fie) into W2 ,2 (dflf re9 ), that, under the assumptions of Theorem 13.11 
we have the inclusion 

\J(dflf re9 ) C N(u)Udfl Q . (7.1) 

e>i 

One could say that an open set D is topologically regular if the subset of 
regular points is dense in 3D. 

In this case, it is easy to see that if some function / belongs to C°(D fl flo) fl 
Wq ,2 (D), then / vanishes on the boundary (we first get it at the regular 
points and then conclude by continuity). 

More generally, one could ask under which weakest condition on a point x of 
3D n VL any function / in C°(D n fl ) H Wq 2 (D) satisfies f(x) = 0. This is 
what we will discuss in the next subsections. 

7.2 Capacity 

There are various equivalent definitions of polar sets and capacity (see e.g. 
IS], [Z], [THj . [TSJ ) - If U is a bounded open subset of R d , we denote by 
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the Hilbert norm on W ' 2 (U) 



( / |Vw| 2 cfe)^ . 
Ju 



The capacity in [7 of A C (7 can be defined"'" as 

C aPu (A) := mf{\\s\\ 2 w ,, 2{u) ; « G <' 2 (C7) 

and s > 1 a.e. in some neighborhood of A } . 

It is easily checked that if K is compact and X C UDV, where V is also open 
and bounded in M. d , there is a c = c(K, U, V) such that Cap [7 (A) < c Cap y (A) 
for A C -ft". So Cap (7 (A) = for some bounded open U D A iff for each a G A 
there exists an r > and a bounded region V such that D B(a,r) and 
Capy(5(a, r)nA) = 0. In this case we may simply write Cap(A) = without 
referring to U. 



7.3 Converse theorem 

We are now able to formulate our definition of regular point. 
Definition 7.1 

Let D be an open set in ~R d . We shall say that a point x G dD is (capacity )- 
regular (for D) if, for any r > 0, the capacity of B(x,r) H ZD is strictly 
positive. 

Theorem 7.2 

Under the assumptions of Theorem \S.1\ any point x G dQg H Qq which is 
(capacity) -regular with respect to Qe (for some I) is in the nodal set of u. 

This theorem admits the 
Corollary 7.3 

Under the assumptions of Theorem \S.l\ and if, for all I, every point in (df^)n 
f2 is (capacity) -regular for Qg, then the family of the nodal domains of u 
coincides with the union over £ of the family of the nodal domains of the (pi, 
where u and <f£ are introduced in (|3.2j) . 

Proof of corollary 

It is clear that any nodal domain of ipe is contained in contained in a unique 
^For d > 3 the restriction that U is bounded can be removed and one may take U = M. d . 
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nodal domain of u. 

Conversely, let D be a nodal domain of u and let i G {1, . . . , k}. Then, by 
combining the assumption on dfle, Proposition 17.41 and ()3.2)1 . we obtain the 
property : 

dfl e n D = . 

Now, D being connected, either fl# fl D = or D C O^. Moreover the second 
case should occur for at least one £, say I = £q. Coming back to the definition 
of a nodal set and ([3.2)1 . we observe that Z) is necessarily contained in a nodal 
domain D-° of <^ . 

Combining the two parts of the proof gives that any nodal set of u is a nodal 
set of ife and vice- versa. 

7.4 Proof of Theorem 17.21 

According to the discussion of Subsection l7.ll the proof will be a consequence 
of the following proposition. 

Proposition 7.4 

Let us consider two open subsets D and fl o/lR d such that D C fl and a point 
Xq in 3D R fl. Assume that, for some given ro > such that B(xo,ro) C fl, 
there exists u G Wq' 2 (D) and v G C°(B(xo,r )) such that : 

U\DnB(xo,r ) = V\ D nB(xa,r ) a.e. in D n ^(xo, r ) . 

Then ifv(xo) ^ 0, there exists a ball B(xo,ri) (t\ > 0), such that B(xo,ri)\D 
is polar, that is of capacity 0. 

Remark 7.5 

Using some standard potential theoretic arguments, Proposition \ 7.4\ can be 
deduced from Theoreme 5.1 in which characterizes those u G W 1,2 (fl) 
that belong to Wo' 2 (fi). The proof below should be more elementary in char- 
acter. 

Remark 7.6 

Given a region D C lR n and a ball B = B(x,r), x G dD, the difference set 
B(x, r) \ D is polar if and only if B(x, r) fl dD is polar. This follows from 
the fact that a polar subset of B = B(x,r) does not disconnect B 
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Remark 7.7 

If D is a nodal domain of an eigenfunction u of H(Q), then any point ofdDd 
Q is capacity-regular for D . This is an immediate consequence of Theorem \4-5\ 
(it also follows from the preceding remark). Indeed, if x is in 3D D Q, then 
for any r > 0, one can find a ball B(y,r') in ZD D B(x,r). 

To prove Proposition 17.41 we require some well-known facts stated in the 
next three lemmas. 

Lemma 7.8 

Let U be a bounded convex domain in M d and let B(a, p), p > be a ball such 
that B(a,p) C U. There exists a positive constant c = c(a,p,U) such that, 
for every f G W 1,2 {U) vanishing a.e. in B(a,p), 

WfWw^iU) < f\\ L 2 (u) . 



Proof. 

We assume as we may that a = and let U' = U \ B(0, p). Fix R so large 
that U C B(0,R). By approximating / by smooth functions (e.g. regularize 
/((l — 5).) for 5 > and small to get f\ G C°°(U)), we may restrict to 
functions / G C°°(U) vanishing in B(0,p). Then, since 

\f(x)\ 2 = \j Vf(sx).xds\ 2 <R 2 J \Vf{sx)\ 2 ds for x G U' , 
FT 

we have 

/ \f(x)\ 2 dx<R 2 [[ \Vf{sx)\ 2 dxds 

<R 2 [[ Wf(z)\ 2 dz- (7.2) 

J J z£sU',p<\z\,s<l s 

?3 



<— I \Vf(x)\ 2 dx, 
P Jv 



and the lemma follows. 



Lemma 7.9 

Let U be a domain in TR d . For every f G W 1,2 (U) the function g = f + is also 
in W 1,2 (U), with ||<?||wi,2({7) < ||/||vi/ 1 . 2 (i/)- Moreover the map f i— > g from 
W l,2 (U) into itself is continuous (in the norm topology). 
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Remark 7.10 

Since inf {/„, 1} = 1 — (1 — f n ) + , it follows from the lemma that inf {f n , 1} — > 
inf{/, 1} in W 1,2 (U) whenever f n —*fin W l,2 (U). 

Proof. 

For the first two facts we refer to ^2] or ^3], where it is moreover shown 
that the weak partial derivatives djf+ and djf satisfy 

d jf+ = 1 {f>o} djf = l {f>Q} d if a - e - in U - 
Therefore, for any 5 > 0, we have : 

\Wfn}+ - Vf+\\» = ||l {/n >o}V/ n - 1 {/ >0}V/|| L2 

< l|l{/„>o } (V/ n - V/)||l> + ||(l {/ >o } - 1{/„>q})V/|U 2 

< ||V/„ - Vf\\ L 2 + ||(l { />0;/„<0} + l{/<0;/„>0})V/|| L2 

< ||V/„- V/|| i2 + \\l {0 < ms} Vf\\ L 2 + 2||l { | /n _ / |>i } V/|| La . 

(7.3) 

Given e > 0, fix 5 > so that ||l{o<|/|<a}V/||x,2 < e (recall that V/ = 

a.e. in {/ = 0}). Since V/ G L 2 {U) and Hl-fiz-Zni^j-HL 1 < ~ ; it follows 
that lim || (l{|/-/ n |>5})V/|| L 2 = 0. Therefore limsup ||V[/„]+ - V/+|| L 2 < e, 

which proves that [f n ]+ -> /+ in W l > 2 {U), if f n -> / in W l > 2 {U). 
Lemma 7.11 

Let uj be open in M. d and let {f n } be a sequence of continuous functions in u 
such that f n G W l,2 (u) for each n > 1 and lim H/nll^^M — 0. 

n— »oo 

Then the set F — {x G u ; lim inf |/ n (ar)| > } zs po/ar. 

n— >oo 

Proof. 

It suffices to show that cap w (F D if) = for any compact subset X of a;. Let 
V? G C£°(R d ) be such that < <p < 1 in R d , <p = 1 in K and supp(^) C w. 
Then g n = f n (p -> in W Q 1,2 (u;) and # n = / n in if. 

Set Fj, = {x G w ; 1^(^)1 > 2 _t/ for all n > u}. By the definition of the 
capacity, we have Cap aJ (F 1/ ) < 2 2u \\ Vg n \\ 2 L2 for all n > v and cap(F^) = 0. 
Therefore ca P(J (U„>i F «) = and capjF f| K ) = °> since F fl # ^ LUi ^- 

Proposition 7.12 

Let U be a non empty open subset of the ball B = B(a,r) in ~R d . Suppose 
there exist a continuous function f in U and a sequence {f n } of continuous 
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functions in B such that 

(i) f > 1 m U and f G W l > 2 {U), 

(w) fn = ^ina neighborhood of B\U and f n G W ' 2 (U) for each n > 1, 
(Hi) lim ||/ - f n \\ w ^(u) = 0. 
Then the set F := B\U is polar. 

Proof of Proposition 17.121 

Replacing / by inf{/, 1} and f n by inf{/ n , 1}, we see§ from Lemma \7. 91 that 
we may assume that / = 1 in U. 

So lim ||V/„|| L 2(m = and lim ||1 - f n \\i?(u) = 0. 

n— >oo n— +oo 

Fix a ball B(zo, 2p) C U, p > 0, and a cut-off function a G C°°(M d ) such 
that a = 1 in B(z , p), a = in M. d \B(z , 2p). Set g = l — a,g n = (l — a)f n . 

Then g, g n belong to W 1,2 (B), Vg = Vg n = a.e. in F and 
lim \\V(g - g n )\\i?(B) = lim || V(^ - g n )\\i?(U) = 0. 

So, by Lemma EH1 h m \\g — 9n\\w 1 ' 2 {B) = 0. But g — g n > 1 in F and it 

n— > oo 

follows from Lemma 17. 1 II that F is polar. 
Proof of Proposition 17.41 

Choose ri > so small that v > c := \v(xq) in B(x ,ri). Since u G 
W ' 2 (D), there is a sequence in C^°(lR d ) such that supp(w n ) C D and 
u n — ► u in jy 1,2 (IR d ). Applying Proposition 17.121 to the ball B(xo,ri) and the 
functions / = c^u^ix^ri), fn = Cq l u n \ B{xo ^ ri) , we see that B(x ,r 1 ) \ D is 
polar. 
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§The weak convergence inf{/„, 1} — > inf{/, 1} suffices here. It allows the approximation 
of 1 = inf{/, 1} in the norm topology in W 1,2 (U) by finite convex combination of the 
i n f{/n, !}■ So we are again left with the case when / = 1 in U. 
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